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Solution of the master equation for the Bak-Sneppen model
of biological evolution in a finite ecosystem
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The master equations describing processes of biological evolution in the framework of the random neighbor
Bak-Sneppen model are studied. For the ecosysted epecies they are solved exactly and asymptotical
behavior of this solution for larghl is analyzed[S1063-651X97)50608-9

PACS numbdss): 87.10+€, 05.40+j

INTRODUCTION n—1
A=20(1-N)+ N1 N(3N—-2),

The model of biological evolution proposed by Bak and

Sneppen[1,2] describes mutation and natural selection of

interacting species. It is the dynamical system that is defined , h—-1

as follows. The state of the ecosystemNofspecies is char- By=(1-N)" 47 (1-MEA-1),

acterized by a sdixy,. . .. Xx} of N number, Zx;=0. In so

doing, x; represents the barrier toward further evolution of

the species. Initially, eack; is set to a randomly chosen n—-1 ,n—1

value. At each time step the barrigr with minimal value Cr=2"~ N—1 A% Dp=(1-)) N—1' @
andK —1 other barriers are replaced Kynew random num-
bers. In the random neighbor mod&NM), which will be  andA,=B,=C,=D,,=0 for n=0,n>N.
considered in this paper thé—1 replaced nonminimal bar- By virtue of the definition ofP,(t),
riers are chosen at random.
The RNM is the simplest model describing the ava P.(t)=0, 3

lanchelike processes, which are supposed by a conception of
“punctuated equilibrium” in biological evolution. These
processes are the most characterizing features for self- N
organized criticality recently intensively investigated both 2 P, (1)=1. (4
numerically and analytically3—6]. The RNM is more con- n=0

venient for analytical studies. The master equations obtained

in [3] for RNM are very useful for this aim. If7] the ex- ~Summing in Eq(1) overn and taking into account E¢2) it
plicit solution of master equations was found for an infiniteiS €asy to establish that

ecosystem. In this paper we solve the master equations for a

finite numberN of species in an ecosystem. We restrict our- N N
selves to the simplest cae=2. nZO P, (t+ 1):;_:0 P.(1). (5)
MASTER EQUATIONS FOR RNM Therefore, ifP,(0) are chosen in such a way that Ed)
The master equations for the RNM are obtained3h is fulfilled for t= 0, then by virtue of Eq(5) it is the case for
They are of the form the solution of Eq(1) for t>0 too. For analysis of Eq1) it
is convenient to introduce the generating functigz,u):
Ph(t+1)=A,Pn(t) + B 1Prya(t) +Cpo1Pra(t) ® N
= Pa(t)Z"u".
+DproPria(t) a(z,u) 2:0 n§=:O n(H)Z"u (6)
+(B16n0t A10n,11 C164,2) Po(t). )

By virtue of Egs.(3) and (4) q(z,t) is a polynomial inz,
_ __ _ _ analytical inu for |u|<1, and
Here,P,(t) is the probability thah is the number of barriers

having values less than a fixed valkeat the timet; O<n

=N, O0=\=<1, O<t; P,(0) are proposed to be given. For _ 1
0<n=N a(Lu) 1-u’ @
The master equatiord) can be rewritten for the generating
*Electronic address: pismak@snoopy.phys.spbyu.ru functiongq(z,u) as follows:
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11 1-z(1 4
zlm N-1lz oz

X[q(z,u)—q(o,u)]+q(0,u)+. (8) _U(I-N4A2)A(z- 1)g(@,0)+ (1- @)2q(2,0)
au(z,u)= [z—u(1-\+r2)%(1-a)

For k>0 the functionsg,(z,u) are defined by recurrent
relations

1
G[q(z,U)—q(z,O)]=(1—>\+>\z)2

The functiong(z,0)==N_,P,(0)z" in Eq. (8) is assumed to

be given. L (d-2ua- N +AD) 11 (Z,u) =T g(a,u)]

z—u(1l—\+\2)?
ASYMPTOTIC EXPANSION OF ¢(z,u) FOR LARGE N (14)

If the functionq(z,0) has an asymptotic expansion in the Here,
region of largeN of the form

9 qk(z,u) —qx(0, U)

0z z (15)

(2.0~ dw(z,0) rdz,u)=z —
a4tz k=0 (N—1)

By virtue of Egs.(14) and (15 the first correction to the
then Eq.(8) enables one to obtain the similar asymptotic|gwest approximatior{13) of q(z,u) has the form
expansion fog(z,u),

U(l=A+A2)2(z—1)q1(@,0)+ (1— @)zgy(2,0)

_y K(zw Galz.u)= [z—u(1-A+r2)%(1—a)
==z (N=D)F i

(1 2U(1—N+A2)[ro(z,u)—ro(a,u)]
The main approximation of(z,u), the functionqy(z,u), z—u(1—-\+\2)?
can be found from the equation

(16)
[z—u(1—X+\2)?]qo(z,u) where
=200(2,0)+U(1-\+\2)%(z—1)qo(0.u) © oz
following from Eq. (8). Sinceqq(z,u) is analytical for|z| 9 (1 a)o(2,0)+[U(1—\ +12)%—1]qq(@,0)
<1,|u[<1, 2z [zZ—u(1-A+A2)%](1-a)
2 (17
0=aqu(@,0) +u(l—A+Na)(a—1)qe(0u), (10
where EXACT FORM OF q(z,u)
Let us introduce the quantity
1-2N(1-Mu—[1-4x(1-M)u]*?
AT o = an q(z.u) - q(0n)
Qzu)=—""7"——". (18

is the solution ofa—u(1—\+\a)2=0. Obviously,|a|<1 z

for sufficiently smalllu|. Thus, from Eq.(10) the function

qo(0.U) can be found It follows from Eq.(8) that this function fulfills the relation
0 1 )

of the form
qo(a 0) u(l—N+12)3%(1- z) 9
Qo(OM) == (12 Z—Uu(l—-A+A2)%— —|Q(z.u)
N—-1
Substituting Eq.(12) in the right-hand side of Eq9), one =q(z,00+[u(1—N+Ar2)°—1]q(0,u). (29

can find its solution in the following form:
This inhomogeneous differential equation fQfz,u) has a
special solution
0(2,0)(1— @)+ (z—1)u(1— N+ \2)%qo(@,0)
Go(Z,L)= [Z—U(1-X+A2)2](1—a) ' )
(13 Q(z,u)=(N—1)eR(Z'“>f e RxWg(x,u)dx=Qsy(z,u).
z

wherea(u) is defined by(11). (20
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Here, 1
Q(z,u)=(N—1)eR(Z*“>f e RWg(x,u)dx
N-1 (A=1)/n
R(z,u)= ——In(1-A+A2)—(1—u)In(1-2z (A=1)/n
(0= ( ( Jm(mwin(d=2) +(N—1)eR(Z'“)L e RxUg(x,u)dx.
1-X\
- )\(1—)\4—)\2))' @D (29
_ 2_
g(x,u)= q(x.0+[u(1= A +1x)"—1]q(0u) (22) It follows from Eg. (18) that

u(L—N+Ax)%(1—x)

and the derivative oR(z,u) with respect taz has the form

dR(z,u)  (N—1)[z—u(1—N+)\2)?]
dz u(l-A+12)%(1-2)

(23

General solution of the corresponding to E#j9) homoge-
neous equation

u(l-N+A2)%(1-2) 4

_ — 2_ — =
Z—U(l—\+A\2) N_1 7z S(z,u)=0
(24)
is of the form
S(z,u)=F(u)eR=Y. (25)

Here, F(u) is an arbitrary function ofi. Hence, it follows
from Egs.(19), (20), and(25) that the functiorQ(z,t) can be
represented as follows:

Q(z,u)=F(u)eR*W+Qq(z,u). (26)
By virtue of initial condition(7) for q(z,u),
1
Q(Lu)=7—;~a0u). (27)

For 0<u<1,z—1,8(z,u) diverges andS,(z,u) has the fi-
nite limit

1
IimQSp(z,u)zl——q(O,u). (28)

z—1 —u

Hence, F(u)=0 in Eg. (26) and this representation for
Q(z,u) can be rewritten in the form

(7\—1 )_A(q[()\—l)/x,u]—q(o,u))
QY= -1 :

For the terms in the right-hand side of EQ9) we have for
O<u<l1,0<A<1

lim  eR®W= 4o, (30)
72—(A—1)/A+0
(A—1)/\
lim (N—1)eR(Z*“)f e RXUWg(x,u)dx
Z(A=1)/A+0 z
A A—1)/\,u]—q(Ou
_ ML= 1)/x,u]=q(0u) 31

A1

Therefore Eq(29) can represent the functioQ(z,u) with
necessary analytical properties only if

1
f e RXUg(x,u)dx=0. (32)
(A—1)/\

This equation defines the functig{O,u),

1 2 -1
J e*RMJOMKQUI*K+XM(l*D] dx
(N=1)IN

fl
(A=1)/n

qou)=

e R(X,W[1—u(1—N+AX)ZJ[(1-A+Ax)2(1—x)] " Ldx

(33

Thus, we obtain from Eqg29) and (32) the solution of
Eq. (8) in the following form:
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q(z,u)=z

N—1 eR(Z]u)fM—l)/xe_R(X‘u) g(x,0)dx
u 2 (1-N+AX)%(1—x)

N—1 (A=1)/\ [1—u(1—\+Ax)?]dx
_ R(z,u) —R(x,u)
+q(0,u)<1 z e J; e A wii—x |’ (34
|
whereq(0,u) is defined by Eq(33). N coincides with the one obtained [ii]. Using Eq.(34) one
can obtain all the known analytical results for RNM. One can
CONCLUSION hope that it helps to understand better the most important

. roperties of the self-organized criticality processes.
We constructed the solution of the master equat8)rior prop g yp

the finite numbemN of species in the ecosystem. It can be This work was supported in part by Russian Foundation
proven that the main ternil3) of its asymptotic for large for Basic Research, Grant No. 97-01-01152.
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